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Abstract: We study the five-body decays µ− → e−e+e−νµν¯e and τ− → ℓ−ℓ′+ℓ′−ντ ν¯ℓ
for ℓ, ℓ′ = e, µ within the Standard Model (SM) and in a general effective field theory
description of the weak interactions at low energies. We compute the branching ratios
and compare our results with two previous — mutually discrepan — SM calculations.
By assuming a general structure for the weak currents we derive the expressions for the
energy and angular distributions of the three charged leptons when the decaying lepton
is polarized, which will be useful in precise tests of the weak charged current at Belle II.
In these decays, leptonic T-odd correlations in triple products of spin and momenta —
which may signal time reversal violation in the leptonic sector — are suppressed by the
tiny neutrino masses. Therefore, a measurement of such T-violating observables would
be associated to neutrinoless lepton flavor violating (LFV) decays, where this effect is
not extremely suppressed. We also study the backgrounds that the SM five-lepton lepton
decays constitute to searches of LFV L− → ℓ−ℓ′+ℓ′− decays. Searches at high values of the
invariant mass of the ℓ′+ℓ′− pair look the most convenient way to overcome the background.
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1 Introduction
Five-body decays of leptons, L− → ℓ−ℓ′+ℓ′−νLν¯ℓ with L = τ, µ and ℓ, ℓ′ = e, µ, are allowed
processes in the SM, suppressed by a factor α2 with respect to the lowest order three-body
L− → ℓ−νLν¯ℓ decays. Their study is interesting because they can provide an important
source of background for searches of lepton flavor violating µ → ee+e− [1] and τ → ℓℓ′+ℓ′−
decays due to undetected neutrinos. Analyses of these decays are also aimed at searches
for sterile neutrinos and dark photons [2, 3].
Besides, these processes allow for stringent tests of the weak charged current and,
in particular of its Lorentz structure and possible violations of lepton universality (for
a recent review on related studies in tau lepton decays see [4]). In the closely related
radiative L− → ℓ−νLν¯ℓγ decays, the photon carries information about the outgoing lepton
polarization and, as a result, two additional Michel-like parameters [5, 6] can be extracted
with precision, in contrast to the non-radiative channel. For the tau lepton case, they shall
be measured with comparable precision to the corresponding muon decays [7] using Belle-
II data [8] thanks to the expected Belle-II statistics and performance [9]. These bright
experimental prospects demand a corresponding effort on the theory and Monte Carlo [10]
side. In this respect, let us mention the recent papers [11, 12] studying radiative µ and τ
leptonic decays at next-to-leading order and polarized τ → 3ℓ decays (focusing on angular
correlations of new physics operators), respectively.
In view of these forthcoming good quality data sets, it is timely to attempt to improve
the current description of these decays. Among them, we shall include for the first time
mass effects of the daughter charged leptons in decays of polarized particles. We will

















channels and comparing with existing (and conflicting) predictions. We first consider the
contribution of lepton-flavor conserving charged weak interactions to these processes within
an effective field theory framework, so as to test with precision the SM V − A universal
structure of the W current through Michel-type parameters both in the spin-independent
and spin-dependent cases.
T-odd correlations in these leptonic decays seem to be absent in the SM and in its most
general, lepton-flavor conserving, effective field theory extension here considered. Very light
neutrino masses (and thus fixed helicity, to an excellent degree of accuracy) may lead to
negligible T-odd spin-momenta correlations in these decays;1 however, no gain is obtained
by relaxing the lepton-flavor conserving requirement as it is shown by considering a simple
example of a new physics extension with Z ′ gauge-boson. Therefore, an eventual observa-
tion of these T-violating correlations may provide an indirect signal of a non-conventional
source of CP violation. This one, in turn, would contribute to generate a net baryon asym-
metry in early stages of the universe [13] through the anomaly-free character of the B −L
accidental symmetry of the SM [14, 15], with fundamental implications for the enormous
matter-antimatter asymmetry of the universe and cosmic evolution.
Previous studies of the branching ratios for five-body decays of unpolarized leptons
within the SM have been reported in [16–23]. While different calculations of µ decays agree
within numerical uncertainties, the results of two theoretical calculations which consider tau
decays [20, 21] differ significantly. Numerical studies of the angular and energy distributions
of charged leptons in µ decays have been reported in [18] by assuming the most general
form of lepton-flavor conserving weak currents including (axial-)vector, (pseudo)scalar and
tensor couplings. In the present study, we compute the branching ratios of five-body
leptonic decays of tau and muon leptons using an integration method for the phase-space
that differs from previous studies. We also provide analytical expressions for the angular
and energy distribution of charged leptons in the case of the SM couplings for decays of
polarized leptons keeping the whole charged lepton mass dependence but always neglecting
neutrino masses. We also compute these distributions in the case of the most general
Lorentz structure for the charged weak currents and provide their analytic expressions, in
terms of the Michel parameters introduced in ref. [17], to describe five-body decays in the
polarized case keeping finite daughter lepton masses for the first time. Our expressions
are aimed to allow stringent tests of the SM charged weak current by the experimental
collaborations. Then, we provide an example of a new physics (LFV) extension which shows
howT-odd spin-momenta correlations are absent, as in the case of the charged weak current
with the most general Lorentz structure, in the limit of massless neutrinos. The observation
of T-violation in these observables would therefore hint at the corresponding neutrinoless
LFV processes, which strengths the case for these searches in leptonic muon and tau decays.
Finally, we consider in detail the backgrounds that five-lepton lepton decays constitute for
searches of the corresponding neutrinoless LFV processes and summarize our conclusions.
The explicit expressions of all contributions to the observables that we have computed are
collected in the appendices of the arXiv’s version of this paper [24].
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Figure 1. Feynman diagrams for five-body decays of tau leptons. For identical leptons (ℓ′ = ℓ)
in the final state, two additional diagrams corresponding to the exchange p1 ↔ p2 should be
considered.
2 Five-lepton channels within the SM
In the SM, the five-body decays of muons and taus can be produced, at lowest order, from a
lepton-pair conversion of a virtual photon emitted from the usual leptonic decay,2 as shown
in figure 1. For identical charged leptons in the final state, two other diagrams contribute
such that the decay amplitude becomes anti-symmetric under their exchange.
2.1 Notation and kinematics
The convention of momenta for the illustrative case of τ lepton decays, is
τ−(Q) → ℓ−(p1) ℓ′−(p2) ℓ′+(p3) ν¯ℓ(p4) ντ (p5) . (2.1)
Similarly, the masses of the decaying and final-state charged leptons will be denoted by
M, m1, m (m2 = m3 = m), respectively. In the SM, the charged weak currents have a
V −A structure and their strength is encoded in the Fermi constant GF .




(M1 +M2)µ Lµ , (2.2)
with





γµu(Q) · u¯(p1)γα(1− γ5)v(p4) , (2.3)





γα(1− γ5)v(p4) , (2.4)
where Lµ = u¯(p2)γ
µv(p3) is the electromagnetic vertex current and q = p2 + p3 is the
momentum of the virtual photon (qµLµ = 0 due to conservation of electromagnetic current).
For identical leptons (ℓ′ = ℓ), the decay amplitude becomes M = M1+M2− (M3+M4),
where the last two terms are obtained from the first two by the exchange p1 ↔ p2.
2Lepton-pair conversion from Z and Higgs bosons replacing the photon are also possible, but are ex-

















Owing to the masslessness of neutrinos, the generic form of the unpolarized squared





|M|2 = Tαβpα4 pβ5 . (2.5)
This tensor structure is preserved in the case of polarized decaying particle.
2.2 Branching ratio
















The squared (unpolarized) amplitude |M|2 of the five-body decay depends upon 8 inde-
pendent kinematical variables. According to ref. [25], we choose them to be:
s1 = (Q− p1)2 , s2 = (Q− p1 − p2)2 , s3 = (Q− p1 − p2 − p3)2 ,
u1 = (Q− p2)2 , u2 = (Q− p3)2 , u3 = (Q− p4)2 ,
t2 = (Q− p2 − p3)2 , t3 = (Q− p2 − p3 − p4)2 . (2.7)
For the reader’s convenience, we quote the expression of the relevant scalar products in
terms of our set of kinematical invariants given by eq. (2.7).
Q · p1 = M
2 +m21 − s1
2
, Q · p2 = M
2 +m2 − u1
2
, Q · p3 = M
2 +m2 − u2
2
,
Q · p4 = M
2 − u3
2
, p1 · p2 = s2 − s1 − u1 +M
2
2
, p1 · p3 = s3 − s2 − t2 + u1
2
,
p1 · p4 = t2 − s3 − t3
2




p2 · p4 = M
2 − u3 − t2 + t3 − 2p3 · p4
2
. (2.8)
The very long expression for p3 · p4 is quoted in appendix C of [24], for completeness. We
have verified that our expression for p3 · p4 agrees with eqs. (A.6) to (A.8) in ref. [26] with
suitable replacements for the squared masses m2i (i = 1, . . . , 5).
Our method for integrating the phase-space to get the branching fraction is different
from the one used in ref. [20]. We integrate the phase-space directly over the eight inde-
pendent kinematical variables mentioned above. In contrast, in ref. [20] the phase-space
is first (partially) integrated over the momenta of the two neutrinos using the covariance











= AP 2 gαβ + B Pα Pβ , (2.9)






















. Then, the integration over the remaining variables is carried
out. Therefore, the phase-space integration using our special choice of kinematics will allow
to obtain an independent verification of previous calculations in [20].
The matrix element squared and summed over all lepton polarizations reads
|M|2 = e4G2F
[
T̂11+ T̂22+ T̂1221+ T̂33+ T̂44− T̂1331− T̂1441− T̂2332− T̂2442+ T̂3443
]
. (2.10)
T̂ii corresponds to the contribution of MiM†i , while T̂ijji to that of MiM†j +M†iMj . The
subindexes 1 and 2 stand for figures 1 (a) and (b), respectively, while diags. 3 and 4 are
obtained -in this order- by exchanging identical fermions in diagrams 1a and 1b. Subindexes
in eq. (2.10) stand for the corresponding contributions of different diagrams. Analogous
notation will be used throughout. For convenience, we define the reduced amplitudes




































Explicit expressions for the t̂ii and t̂ijji are given in appendix A of [24].
In eq. (2.11) we have introduced additional variables to make expressions shorter.
These are (i = 1, 2)
D1(pi) = m
2 + pi · p3 , (2.12)
D2(pi) = m
2 + pi · p3 −Q · pi −Q · p3 ,
D = m2 + p1 · p2 + p1 · p3 + p2 · p3 .
Note that these definitions are true for both decay modes, without identical particles and
with identical particles (m1 = m).
Our results for the branching ratios are shown in table 1 and are compared to previous
results and available experimental data. The quoted uncertainties arise from integration
as given by VEGAS [27], the numerical code used in our numerical calculations (as well as
in ref. [20]). Table 1 shows that our results are in good agreement with those of ref. [20],
and substantially differ in some cases from those of ref. [21]. Only tiny differences might be
attributed to the use of different inputs. Unfortunately, we cannot read from those papers
the exact values of the employed inputs. We use the values of masses — and particularly
the tau mass, (1776.82± 0.16) MeV — quoted in the 2014 edition of the PDG [28], while

















Channel Ref. [20] Ref. [21] This work PDG [28]
BR(τ− → e−e+e−ν¯eντ )×105 4.15± 0.06 4.457± 0.006 4.21± 0.01 2.8± 1.5
BR(τ− → e−µ+µ−ν¯eντ )×107 1.257± 0.003 1.347± 0.002 1.247± 0.001 -
BR(τ− → µ−e+e−ν¯µντ )×105 1.97± 0.02 2.089± 0.003 1.984± 0.004 < 3.6
BR(τ− → µ−µ+µ−ν¯µντ )×107 1.190± 0.002 1.276± 0.004 1.183± 0.001 -
BR(µ− → e−e+e−ν¯eνµ)×105 3.60± 0.02 3.605± 0.005 3.597± 0.002 3.4± 0.4
Table 1. Branching ratios for the five-body decays of τ and µ leptons with quoted error bar
obtained from accuracy of numerical integration. Some of the previous calculations are shown,
for comparison, in the second and third columns. An additional ±0.17% uncertainty owing to the
current precision of the τ lifetime measurement [28] should be added to our result. Experimental
data are scarce, with large error bars, but still consistent with the SM predictions.
(1777.8±1.8) MeV. Analogously, the current tau lifetime, (2.903±0.005) ·10−13 s, although
consistent with the ALEPH 1992 measurement [30], (2.91± 0.14) · 10−13 s, is by far more
precise. Our updated values may explain the small differences between our results and
those of ref. [20], but not with those of ref. [21]. In particular, focusing in the comparison
of our numerical results with those of ref. [20], we notice larger differences in the modes with
two or three muons in the final state. Taking into account that different tau lifetime input
results in an overall shift for all modes, and that modes with heavier daughter leptons are
more sensitive to the tau mass owing to kinematics, we can attribute the small differences
to the used tau mass inputs.
In figure 2 we plot the normalized differential decay width versus E1 = Eℓ− for all five-
lepton τ decay channels. As expected, no dynamical structures can be seen and only the
kinematical enhancement in the 3e channel for low electron energy is noticeable. In figure 3
we plot the normalized differential decay width versus q2 = m2
ℓ′+ℓ′−
for the considered
decays. In this case, all channels tend to peak at low values of m2
ℓ′+ℓ′−
because of the low
virtuality of the photon near threshold.
Our precise predictions can also be useful to provide an independent test of an anomaly
recently reported in tau leptonic decays. In particular, BaBar’s measurement of τ →
eγνeντ [31] differs by 3.5 σ from the SM prediction [11], given at NLO. On the contrary,
the agreement on the muon mode is at the 1 σ level [31]. An independent study of these
decays with Belle-I data could help to settle this issue. Given our precise prediction for the
τ → 3eνeντ decays and its branching ratio (∼ 4 · 10−5), measurable with first generation
B-factories BaBar and Belle-I data, another interesting check of the anomaly would come
from analysing the former process.
2.3 Spin-momenta correlation in decays of polarized leptons
The polarization of the decaying particle is introduced by replacing
( 6Q+M) → 1
2
( 6Q+M)(1 + γ5 6s)
appropriately in the unpolarized squared amplitude. The polarization four-vector sµ satis-

















Figure 2. Differential decay width (normalized to the partial decay width) versus Eℓ− (in modes
without identical particles it corresponds to the energy of the different charged lepton) for all
five-lepton τ decay channels.
Considering the polarization of the decaying particle does not change the dependence
of the squared amplitude upon the neutrino four-momenta p4,5, as compared to the unpo-
larized case, eq. (2.5). Therefore, the partial integration of the phase-space over neutrino





3 · 218π10ME1E2E3 , (2.13)
where we have added the upper-index s on T sαβ to make explicit the dependence on the tau
polarization.
Thus, after integration over neutrino four-momenta,4 the differential rate depends only
upon the product of charged particle four-momenta (Q, p1, p2, p3) and the polarization four-
vector s. In the rest frame of the decaying particle, the numerator in the right hand side
4As requested by the Belle Collaboration, we have also provided them with expressions for the corre-
sponding spin (in)dependent form factors without integrating over neutrino four-momenta. This is intended
for direct implementation in the TAUOLA Monte Carlo Generator [32–35] for use of the collaboration. We

















Figure 3. Differential decay width (normalized to the partial decay width) versus q2 = m2
ℓ′+ℓ′−
.
(r.h.s.) of eq. (2.13) can be written as:5
T sαβIαβ(P ) = e4G2F
[
F − L~p1 ·~s − G1 ~p2 ·~s − G2 ~p3 ·~s
]
. (2.14)
In the above equation, the coefficients F , L, G1 and G2 depend only upon dot products of
charged leptons momenta.
In order to cast our results in a more compact way we will rewrite the previous result





3 · 221π10 T
s
αβI
αβ(P ) , (2.15)
which also bear a closer relation to the measured observables. In the previous equation,
the reduced dimensionless variables xi = 2Ei/M (i = 1, 2, 3) were introduced.
5This notation corresponds to Belle’s conventions and is useful to display relationships among G1 and G2
in the case without identical particles. Corresponding symmetries are found between L and G2 when there
are indistinguishable fermions. F can be checked with earlier computations, i.e. [20], for the unpolarized
case with the appropriate changes of kinematical invariants. We present, however, our complete expressions

















In this way, the matrix element squared, summed over final-state lepton polarizations
and integrated over the neutrino phase space reads
T sαβIαβ(P ) = e4G2F
[
T11 + T22 + T1221 + T33 + T44 − T1331 − T1441 − T2332 − T2442 + T3443
]
≡ e4G2FTSM , (2.16)
where we made explicit the relative signs due to exchange of identical fermions.6 For later
convenience we will use the reduced tii and tijji amplitudes which are defined as t̂ii and
t̂ijji in eq. (2.11).
Taking advantage of the decomposition in eqs. (2.14) and (2.16) we can split the
different contributions to the spin-(in)dependent form factors as
F = F11 + F22 + F1221 + F33 + F44 − F1331 − F1441 − F2332 − F2442 + F3443 , (2.17)
and analogously for G1, G2 and L. We can further introduce the reduced form factors f ,
g1, g2 and l functions by factoring out the same common coefficients as in eq. (2.11). The
explicit expressions of these reduced form factors are given in appendix B of [24]. Trace
identities [36, 37] have been used to simplify the calculations.
3 Effective field theory analysis
In the previous section we considered in detail the SM predictions for five-body leptonic
decay modes of polarized and unpolarized µ and τ leptons. Here, we will generalize this
approach within an effective quantum field theory description of the weak charged current
at low energies, i.e., much smaller than the electroweak scale. We focus on decays of
polarized µ, τ leptons as the different spin and charged lepton momenta correlations may
be useful to study the effects of New Physics described by new operators and couplings of
the effective weak Hamiltonian.
The most general local, derivative-free, lepton-number conserving Lagrangian describ-
ing four-lepton interactions consistent with locality and Lorentz symmetry can be written













with i = S, V, T ; ΓS = I, ΓV = γµ, ΓT = σµν/
√
2 labelling the Lorentz structure of weak
currents and λ, ρ = L,R the chiralities of the charged leptons (ξ and κ, the chiralities of
neutrinos, are fixed by λ and ρ once a particular Lorentz structure Γi is chosen). There are
10 independent complex coefficients (4 scalar, 4 vector plus the two tensors-type couplings
gTLR and g
T
RL) which altogether give rise to 19 independent real couplings once an unphysical
global phase is removed.7 The global factor Gℓℓ′ is fixed by the width of ℓ
− → ℓ′−ν¯ℓ′νℓ
6In case all particles are distinguishable, only the first three terms contribute in eq. (2.16).
7The giλρ coefficients, which parametrize beyond the SM effects at low energies in the weak charged
current, can be related to the Wilson coefficients of the effective Lagrangian at the electroweak scale [41]
(see [42] for an updated discussion in the context of tau lepton decays). This allows to complement low-



























(|gTRL|2 + |gTLR|2) . (3.2)
The decay amplitude for five-lepton channels in τ and µ decays in the general case will
receive contributions from the different terms of the Lagrangian (3.1). Those contributions
to T sαβIαβ will be denoted as follows
T sαβIαβ(P ) = e4|Gℓℓ′ |2
[



























+ L ↔ R
]
, (3.3)
in such a way that the SM contribution corresponds to gVLL = 1 and all other couplings
vanish, i.e. T VLL ≡ TSM. Of course, as in the SM case, each of the new contributions can be
written as in eqs. (2.14) and (2.16)–(2.17), and their explicit expressions can be given in
terms of the reduced form factors f , g1, g2 and l. Fortunately, it is not necessary to give
the expressions of all of them, since they satisfy the following identities




= TQLL , (3.4)







= TQRL , (3.5)
































T Iβ , (3.8)
where (i = S, V, T )





and analogous relations to (3.4)–(3.6) and (3.9) hold under L ↔ R. In order to read the
results for these contributions eqs. (2.14) and (2.16) need to be used replacing G2F by |Gℓℓ′ |2.
In the limit of vanishing neutrino masses (i.e. keeping only left-handed neutrinos) the






LL 6= 1 and gSRR 6= 0 would
signal the most-likely first departures of the considered decays from the SM prediction.
Fetscher et al. [17] have introduced a set of eight Michel-like parameters, Qij (i, j =
L,R and
∑
ij Qij = 1), BLR, BRL, Iα and Iβ, which fully characterize the three-body
decays of polarized muons in the case of the most general interactions defined in (3.1).
If we use this basis and the notation defined in eqs. (3.4)–(3.8), then eq. (3.3) can be
written as



































It is noteworthy that even for the polarized case, and keeping non-vanishing masses of final
charged leptons, T sαβIαβ can be written in terms of the above eight Michel-like parameters.
We have checked that, in the limit of massless charged leptons in the final state, the last
two terms in the previous expression vanish, in agreement with eq. (4) in ref. [18].
In the rest frame of the polarized decaying particle, and after integrating over neutrino
four-momenta, the numerator in the r.h.s. of eq. (2.13) has the general form (which includes
T-odd correlations)
T sαβIαβ(P ) = e4|Gℓℓ′ |2
[
F − L~p1 ·~s − G1 ~p2 ·~s − G2 ~p3 ·~s
+ H1~s · (~p1 × ~p2) +H2~s · (~p2 × ~p3) +H3~s · (~p1 × ~p3)
]
. (3.11)
It is worth to note that the spin-independent coefficient F remains invariant under parity
inversion, while the spin-dependent form factors L, G1 and G2 (T-even correlation coef-
ficients of spin and momenta) change sign under this operation. Correspondingly, F (L,







RRLL, and so on. Therefore, we only need to provide five contributions, which









must be noted that the latter two are a more convenient choice than T V QRL and T
V B
RL in
order to get more compact expressions. However, both sets are related via




T VRL − 4TSRL
)
, (3.12)




16TSRL − T VRL
)
. (3.13)









LR + L ↔ R
)









LR + L ↔ R
)









1,LR + L ↔ R
)









2,LR + L ↔ R
)
+ ℜe(IαGI2,α + IβGI2,β) , (3.17)
and
H1 = H2 = H3 = 0 (3.18)
even in the beyond the SM case.
In appendix D of [24] we provide the expressions for the reduced form factors f , l, g1







RL structure. In the case of identical (non-identical) charged
leptons, forty (twelve) different reduced form factors are required, in general, to specify
each of the five independent Lorentz-chiral amplitudes defined above. As an illustration,































fS,ikkiRL − lS,ikkiRL ~p1 ·~s− g1S,ikkiRL ~p2 ·~s− g2S,ikkiRL ~p3 ·~s
)
,
where cii, cikki are the factors that relate the amplitudes T̂ii, T̂ikki to the reduced ampli-
tudes t̂ii, t̂ikki in eq. (2.11), respectively, and ωik = +1 for (i, k) = (1, 2), (3, 4) and −1 for
(i, k) = (1, 3), (1, 4), (2, 3), (2, 4). Once all the independent amplitudes are obtained we can
combine them using (3.4)–(3.9) and (3.12)–(3.13) and insert them into eq. (3.10) to obtain
the final expression for the squared amplitude.
3.1 Possibility of T-odd correlation terms
As it was pointed out before, the coefficients Hi (i=1,2,3) of the T-odd correlations may
signal violation of time-reversal symmetry and are discussed in the following. T-odd cor-
relations in the form of triple products of spin and momenta can be generated at higher
orders due to exchange of virtual photons between charged leptons in five body decays [43].
These rescattering effects that mimic time reversal non-invariance would be suppressed by
at least a factor of O(α/π) with respect to the leading contributions already considered [43].
The contribution of the effective Lagrangian (3.1) to the coefficients Hi (i=1,2,3) van-
ishes in the limit of massless neutrinos, due to the LL and RR structure for the product of
weak currents in the amplitude (in the case of the interference between the tensor current
and the V ± A currents the result still holds but we could only check it by brute force).
These coefficients would arise, in principle, from the imaginary parts of the product of
couplings (ℑm(giλρgj∗σω), i 6= j) in the interference terms of the squared amplitude; how-
ever they vanish for massless neutrinos, as already mentioned. Thus, interferences between
different currents giving rise to T violation will be extremely suppressed when considering
(light) massive neutrinos for the underlying physics giving rise to the Lagrangian in (3.1)
and we will therefore neglect it.
We would like to emphasize that a measurement of T violation in these decays may not
come from the Lagrangian (3.1). Particularly, if mixed chiral structures LR or RL for the
product of weak currents are present, they would manifest as non-zero T-odd correlations
in the energy and angular distributions. One may think, for instance, about the exchange of
additional gauge bosons that couple to flavor-violating weak currents with both chiralities,
as it would be the case for the contribution of a Z ′ neutral boson [44] (see also section V.D





µ(vij − aijγ5)ψjZ ′µ + h.c. . (3.20)
In particular, it is possible that the interference of the corresponding amplitude with the SM
V −A term could bring in T-odd terms. However, although allowing for the previous LFV

















implies that Fierz rearrangements in the amplitude will bring the contribution of such
interference into those corresponding to the structures already included into the lepton
flavor conserving Lagrangian eq. (3.1). Consequently, the T violating Hi form factors
will again be zero, as we have checked by explicit computation. Precisely because of this
general suppression of T-odd correlations in the SM and some of its extensions (by the tiny
neutrino masses), searches for their effects in five-body decays of leptons provide another
place to look for (unexpected) indirect manifestations of CP violation in the lepton sector.
On the other hand, their non-observation would be useful to place constraints (although
probably mild) on the leptonic CP phases.
At this point we shall recall that T violation has been studied in the LFV µ±/τ± →
ℓ+ℓ−ℓ′± decays [46, 47],9 where these effects are not suppressed in general. Therefore, a
non-vanishing measurement of T-odd correlations in leptonic tau decays with three charged
leptons would most probably be an indirect signal of LFV neutrinoless processes.
4 L → 3ℓ 2ν decays as backgrounds for LFV L → 3ℓ searches
The decays L− → ℓ−ℓ′+ℓ′−νLν¯ℓ are some of the main backgrounds in searches for LFV
L− → ℓ−ℓ′+ℓ′− decays as they may mimic the signal owing to undetected neutrinos. Our
thorough analysis of the former processes allows to study how they would mask signals from
the latter. In order to do this, we consider the study of L− → ℓ−ℓ′+ℓ′− decays as reported in
ref. [48] (see ref. [49] for an earlier effective-field theory analysis of these processes). There,
a general low-energy effective Lagrangian is considered to describe the LFV process and -in
addition to the most popular dipole-type amplitude induced by radiative penguin diagram-
it also incorporates10 effective four-lepton operators with vector and scalar structures and
the different allowed chiralities. Their equation (3.2) [48] gives the double differential decay
distribution in the two independent opposite-sign lepton invariant masses in terms of the
coefficients of the relevant operators introduced above. From this, it is straightforward to
obtain any observable of interest for our comparison.
We have first reproduced figure 5 of ref. [48], for the same sign di-muon invariant mass
spectrum in the τ → 3µ decay for which the following benchmark points are considered
(see definitions in ref. [48]):
• Vector Model: CV LR = CV RL = 0.3 with all other couplings vanishing.
• Scalar Model: CSLL = CSRR = 1 with all other couplings vanishing.
• Dipole Model: CDL = CDR = 0.1 with all other couplings vanishing.
The scale of LFV is assumed to be Λ = 1TeV. We have stick exactly to this setting in what
follows. We have analyzed the same and opposite sign di-lepton invariant mass distribution
and also the differential decay width versus Eℓ− both for the SM L
− → ℓ−ℓ′+ℓ′−νLν¯ℓ decays
9The SM background to LFV τ → ℓγ processes given by the τ → ℓγνν¯ decays is also computed in [47].
10Their operators including two quark fields and their gluonic operators are not relevant for our discussion,

















Channel Current upper limit (UL) [28, 50] S/B (UL) Expected UL [51]
BR(τ− → e−e+e−) 1.4 · 10−8 ∼ 3 · 10−4 ∼ 10−9
BR(τ− → e−µ+µ−) 1.6 · 10−8 ∼ 0.1 ∼ 10−9
BR(τ− → µ−e+e−) 1.1 · 10−8 ∼ 6 · 10−4 ∼ 10−9
BR(τ− → µ−µ+µ−) 1.2 · 10−8 ∼ 0.1 ∼ 10−9
BR(µ− → e−e+e−) 1.0 · 10−12 ∼ 3 · 10−8 ∼ 10−16
Table 2. Current and expected sensitivities on LFV L− → ℓ−ℓ′+ℓ′− searches. The signal to
background ratios (S/B) are estimated from current UL on BR’s of LFV decays (signal) and of
five-body decays (background).
and for the L− → ℓ−ℓ′+ℓ′− LFV processes. The best discriminating variable for this search
of LFV turns out to be the opposite-sign lepton-pair invariant mass distribution.
The comparison of the current upper limits on L− → ℓ−ℓ′+ℓ′− decays to our SM
predictions for the five-lepton lepton decays (see table 2) suggests that the tau decay
modes with two or three muons are better suited for these searches than those with two
or three electrons. In the case of muon decays the huge background to signal ratio (i.e.
the ratio among the SM process with neutrinos over the corresponding neutrinoless LFV
decay) will make detection very challenging.
In figure 4 we confront the SM background to the hypothetical signals of LFV according
to the Vector, Scalar and Dipole Models in the case of three muons in the final state. The
normalization of the new physics curves is chosen so that the branching ratios for signal
over background give 0.1, which basically corresponds to a LFV signal about the current
upper limit BR(τ → 3µ) ≤ 1.2 · 10−8 [50]. In this case, a cut for m2
µ+µ−
≥ 0.75GeV2
will be most efficient. The similarity of the different new physics models above this cut
suggests that it would be hard to disentangle the type of new physics with early data.
If the new physics signal is set to the expected [51] upper limit ∼ 10−9, the optimal cut
moves to m2
µ+µ−
≥ 1.2GeV2. The τ → eµµ case is very similar to the three muon channel,
with a bit smaller cut: m2
µ+µ−
≥ 0.5GeV2 for S/B ∼ 0.1 and m2
µ+µ−
≥ 0.8GeV2 for
the envisaged near-future upper limit. The cases with two or three electrons are much
harder for detection due to the signal to background ratio . 10−3, which limits the region
of the spectrum available for detection, as it can be seen in figure 5 where a cut for
m2
e+e−
≥ 1.25GeV2 shall be needed (∼ 1.5GeV2 for τ → eµµ). In addition to a very
good statistics, an exquisite control of SM backgrounds will be needed to discover µ → 3e,
see figure 6.
5 Conclusions
In this paper we have studied some aspects of all possible five-body leptonic channels of
µ and τ lepton decays. In all our calculations, we have kept the finite masses of the
final state charged particles, but neglected neutrino masses. Firstly, we have re-calculated
the branching ratios in the SM and have compared our results with two previous and

















Figure 4. Comparison of opposite-sign lepton-pair invariant mass distribution in five-body and
LFV decays of tau leptons. Three benchmark scenarios of new physics in τ → 3µ are used, according
to ref. [48], and S/B ∼ 0.1 (about the current upper limit) is assumed.
the integration of the five-body phase-space; our yields are in good agreement with the
ones of ref. [20].
In the second part, we have calculated the energy and angular distribution of the
three-charged leptons, which can be written in terms of T-even and T-odd correlations of
the spin ~s of the decaying particle and the momenta ~pi (i = 1, 2, 3) of final state charged
leptons. We have derived the expressions for the T-even correlations of the form ~s · ~pi,
which are non-zero in the case of the SM and in the framework of the most general low-
energy effective Lagrangian which conserves lepton-flavors. In particular, we have provided
analytic expressions [24] for the polarized decay probability in terms of the Michel-like
parameters introduced by Fetscher et al. [17] by keeping daughter-lepton mass dependence,
as needed by Belle(-II). These results will be useful to test precisely the structure of the
weak charged current in five-body leptonic decays of µ and τ leptons.
We have also shown that, for massless neutrinos, the coefficients of the T-odd correla-
tions of the form ~s · (~pi × ~pj) vanish in the SM and in the extension with the most general
effective theory of the (current)×(current) form, even if we allow for lepton-flavor violat-
ing vertices with extra gauge bosons. Consequently, observation of non-vanishing T-odd

















Figure 5. SM background confronted to our benchmark scenarios of new physics in τ → 3e for
S/B ∼ 0.001 (about the current upper limit).
olation in the lepton sector (if produced in five-lepton lepton decays) or to the discovery of
LFV (through the corresponding neutrinoless processes). These appealing characteristics,
in our view, have not been noticed previously in the literature regarding purely leptonic
interactions and open a new way to search for effects of CP violation.
Finally, we have considered in detail the backgrounds that the SM L− → ℓ−ℓ′+ℓ′−νLν¯ℓ
decays constitute to searches of LFV in the corresponding neutrinoless decays. Tau de-
cays with two or three muons are favoured with a moderate signal to background ratio.
Generally, the differential decay distribution versus the invariant mass of the opposite-sign
lepton pair is the best observable for maximizing the signal region. This looks similar
to the discriminating power of the di-lepton energy spectrum in searches of neutrinoless
nuclear double beta decays which would show up as a single line excess over the continuum
distribution due to the allowed two neutrinos double beta decays. Forthcoming experi-
ments will be able to perform these searches with reasonable cuts on this variable in the
sub-GeV region.
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Figure 6. SM background confronted to our benchmark scenarios of new physics in µ → 3e for
S/B ∼ 0.001 (about the current upper limit).
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